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Abstract. We investigate the presence of instabilities in the Cascading DGP model. We
start by discussing the problem of the cosmological late time acceleration, and we introduce the
modified gravity approach. We then focus on brane induced gravity models and in particular
on the Cascading DGP model. We consider configurations of the latter model where the source
term is given simply by vacuum energy (pure tension), and we study perturbations at first order
around these configurations. We perform a four-dimensional scalar-vector-tensor decomposition
of the perturbations, and show that, regarding the scalar sector, the dynamics in a suitable
limit can be described by a master equation. This master equation contains an energy scale
(critical tension) which is related in a non-trivial way to the parameters of the model. We give a
geometrical interpretation of why this scale emerges, and explain its relevance for the presence
of ghost instabilities in the theory. We comment on the difference between our result and the
one present in the literature, and stress its importance regarding the phenomenological viability
of the model. We finally provide a numerical check which confirms the validity of our analysis.
1. Introduction
More than 15 years ago, cosmologists had a satisfying picture of how the universe worked, based
on three main hypotheses: it was assumed that the universe is homogeneous and isotropic on
large scales, that energy and momentum exist in the form of “ordinary” matter and radiation
plus Cold Dark Matter (CDM), and that gravity is described by Einstein’s General Relativity
(GR). This Standard Cosmological model was successful in explaining several aspects of our
universe, and predicted that the expansion of the universe necessarily has to decelerate. In fact,
by the second Friedmann equation, the scale factor of the Universe a(t) obeys a¨/a ∝ −(ρ+ 3p)
(where ρ is the energy density, p is the pressure and a dot indicates a time derivative), and the
right hand side of the previous relation is negative for ordinary matter, radiation and CDM.
The discovery of the present acceleration of the expansion [1, 2], successively confirmed by a
variety of observations, forces us to abandon some of the assumptions mentioned above. We
could relax the assumption of homogeneity, which differently from isotropy is not well-tested,
and consider Lemaître-Tolman-Bondi models where the Earth is placed inside a large void.
Another possibility is that the backreaction of the deviations from homogeneity and isotropy
on the evolution of the scale factor is not negligible, and neglecting this effect may cause a
misinterpretation of the observational data. If instead we enforce homogeneity, we could postulate
that the universe is filled by a source (which we don’t observe in the lab or in the solar system)
which has negative pressure: the simplest option is the Cosmological Constant (Λ), but we may
also consider new dynamical degrees of freedom (the dark energy paradigm). Finally, it may
be that the cosmological observations are simply signalling that General Relativity is not the
correct description of gravity at very large scales (the modified gravity approach). See [3, 4] and
references therein for a more detailed discussion of these approaches.
The most straightforward solution of this problem seems to allow for a non-zero cosmological
constant (ΛCDM models). However, fitting the observational data gives a value for Λ which is
really puzzling. If Λ is considered as a new scale for gravity, then the universe is very fine tuned
(coincidence problem), while if it is considered as the semi-classical manifestation of vacuum
energy then the mismatch with the theoretical prediction is dramatic (“old” cosmological constant
problem) [5]. Therefore, it seems worthwhile to pursue alternative approaches, and we choose to
investigate the modified gravity approach.
2. Modified gravity and Cascading DGP
Modifying gravity is however potentially dangerous, since quite in general it introduces extra
degrees of freedom compared to GR. On the one hand, these extra degrees of freedom have to
be screened on terrestrial and astrophysical scales, otherwise they would be detected via fifth-
force experiments and precise tests of gravity in the solar system. On the other hand, when
studying the perturbative stability of certain solutions of the equations of motion, quite often
some perturbation modes turn out to have negative kinetic energy and therefore lead to ghost
instabilities. In fact, the presence of fields with negative kinetic energy (ghosts) renders the
Hamiltonian unbounded from below, and causes the system to be unstable with respect to the
simultaneous excitation of ghost and non-ghost fields (see [6] and references therein). Several
modified gravity theories have been proposed so far, including f(R) gravity, massive gravity,
and braneworlds (see [7] for a review). In particular, braneworld models are appealing from a
fundamental point of view, since the presence of extra dimensions and branes is crucial in string
theory. In these theories, the spacetime has more than four dimensions and matter and radiation
(as well as the strong, weak and electro-magnetic interactions) are confined on structures (branes)
whose dimensionality is lower than the dimensionality of the ambient spacetime (bulk). Only
gravity can propagate in the extra dimensions, which is consistent with the fact that in string
theory gravity is described by closed strings. The codimension of a brane is defined as the
difference between the dimension of the bulk and the dimension of the brane, and the embedding
functions are those functions which indicate the position in the bulk of the points belonging to
the brane. In general the confinement is not sharp, so matter, radiation and the gauge fields
are distributed around the brane within a characteristic distance, which is determined by the
properties of the system and of the confinement mechanism. This characteristic length scale is
called the thickness of the brane, while the details of the distribution constitute the internal
structure of the brane.
Concerning the late time acceleration problem, a promising idea is that of brane induced
gravity, whose first and best-known realization is the DGP model [8]. Braneworld theories with
induced gravity are characterized by the inclusion, in the part of the action which describes the
dynamics of the brane, of an Einstein-Hilbert term built from the metric induced on the brane.
This term can be introduced at classical level purely on phenomenological grounds, but can
be also understood as a contribution coming from loop corrections in the low energy effective
action of a quantum description where matter is confined on the brane [8]. The DGP model
has the intriguing property of admitting self-accelerating cosmological solutions, which open the
possibility of explaining the cosmic acceleration by geometrical means. On the other hand, it has
been shown that these solutions have a perturbative ghost instability, and that the DGP model
fits the cosmological data significantly worse than ΛCDM. See [9] and references therein for a
discussion on the DGP model and its problems. A natural idea to go beyond the DGP model is to
increase the codimension, while still having infinite extra dimensions and brane induced gravity.
Such models offer also the possibility of addressing the Cosmological Constant problem, since
they evade Weinberg’s no-go theorem [10, 11] and may realize the degravitation mechanism [12].
However, it is not clear if increasing the codimension helps with the ghost problem, since there
are contradicting results [13, 14, 15]. Moreover, the gravitational field on a brane of codimension
higher than one diverges when the thickness of the brane tends to zero [16, 17, 18], and it is
necessary to take explicitly into account its internal structure.
2.1. The Cascading DGP model
Both of the aforementioned problems were claimed to be solved in a fairly recent class of models,
the Cascading DGP [19]. In these models there is a recursive embedding of branes into branes
of increasing dimensionality, each equipped with an appropriate induced gravity term. In the
minimal set-up, a four-dimensional (4D) brane (our universe) is embedded inside a 5D brane
which in turn is embedded in the 6D bulk. This model has three parameters, the masses M6,
M5 and M4, where M
4
6
controls the strength of the bulk action, M3
5
controls the strength of the
induced gravity term on the 5D brane and M2
4
controls the strength of the induced gravity term
on the 4D brane. The requirement that the model reproduces Einstein gravity on small scales
fixesM4 to be equal to the Planck mass, so this model has in truth two free parameters, the mass
scales m6 =M
4
6
/M3
5
and m5 =M
3
5
/M2
4
. They respectively control the relative strength between
the bulk action and the induced gravity term on the 5D brane (m6), and between the induced
gravity term on the 5D brane and the induced gravity term on the 4D brane (m5). It was shown
that, moving from large distances to small distances, weak gravity “cascades” 6D → 5D → 4D
when m6 ≪ m5 while there is a direct transition 6D → 4D when m6 ≫ m5. Moreover, it
was claimed that the presence of the codimension-1 brane with induced gravity renders the
gravitational field finite on the codimension-2 brane even when the thickness of the latter tends
to zero [19, 20]. A very important class of configurations are those that correspond to a source
term given simply by vacuum energy (λ¯) on the 4D brane (pure tension solutions). Importantly,
it was claimed that there exists a critical tension λ¯c such that a pure tension configuration is
free of ghost instabilities (at first order in perturbations) if λ¯ > λ¯c while it has ghosts if λ¯ < λ¯c
[19, 21].
3. The nested brane realization of the Cascading DGP model
To probe the dynamics of the internal structure of a brane, we need to excite it with amounts
of energy roughly of the order of the inverse of the thickness (in “natural units” ~ = c = 1).
If we are interested only in what happens outside of the brane, and want to focus on energy
scales lower than the inverse of the thickness, it is usual to consider a “thin limit description” in
which the thickness of the brane is sent to zero while keeping fixed the amount of energy and
momentum on the brane. In this case the brane is said to be “thin”. While this is extremely
useful for codimension-1 branes, it was proved that the thin limit of branes of codimension higher
than one is not well-defined [22]. This result is very likely to be true also for more elaborate
constructions such as in the Cascading case. Therefore, to obtain a well-defined formulation of
the Cascading DGP model, it is necessary to give some information on the internal structure of
the branes.
If we assume that there is a hierarchy between the thickness of the branes, namely that the
codimension-1 brane is much thinner than the codimension-2 brane, we can describe the system
as if a “ribbon” codimension-2 brane was present inside a thin codimension-1 brane. Furthermore,
it can be shown that the thin limit of the ribbon brane (inside the already thin codimension-1
brane) is well defined [23]. It follows that, with this assumption about the hierarchy of the
thicknesses, we can indeed work with thin branes and forget the internal structures. We refer to
these set-ups as the nested branes realization of the Cascading DGP.
3.1. Perturbations around pure tension solutions
To investigate the phenomenon which gives rise to the critical tension, we study perturbations
at first order around solutions where pure tension is placed on the codimension-2 brane. These
background solutions are most naturally expressed in a bulk-based approach, where the bulk
metric is flat and the codimension-1 embedding has a cusp at the codimension-2 brane [23].
The complete space time is the product of a 4D Minkowski space and a 2D Riemannian cone,
whose deficit angle is proportional to the tension. Therefore there exists a maximum tension
λ¯M = 2piM
4
6
which corresponds to a deficit angle of 2pi (when the cone becomes degenerate).
To study perturbations, we leave both the bulk metric and the codimension-1 embedding free
to fluctuate. To deal with the issue of gauge invariance, we consider a 4D scalar-vector-tensor
decomposition, and work with gauge-invariant variables [24]. In particular, in the scalar sector
it is possible to express the equations in terms of two master variables, the trace part pi of the
bulk metric perturbations, and the normal component of the codimension-1 bending δϕ
⊥
[23] (we
call bending modes the perturbation of the embedding functions). Notably, if we focus on the
behaviour of the fields near the codimension-2 brane, it is possible to eliminate δϕ
⊥
and obtain
a master equation for pi alone. This equation however contains the derivative of pi normally to
the codimension-1 brane, so to know the behaviour of pi on the codimension-2 brane it is still
necessary to solve the full 6D problem. This difficulty can be overcome by considering a “4D
limit”, which gives the following (local) equation on the codimension-2 brane [25]
3M24
[
1−
3
2
m5
m6
tan
(
λ¯
4M4
6
)]
pi = T (1)
where  indicates the four-dimensional D’Alembert operator and T is the trace of the energy-
momentum tensor. This equation indicates that pi is an effective 4D ghost if 0 < λ¯ < λ¯c while it
is a healthy field if λ¯c < λ¯ < λ¯M , where the critical tension reads λ¯c ≡ 4M
4
6
arctan
(
2m6/3m5
)
.
4. Geometrical interpretation and ghost-free regions in parameters space
Having identified the critical tension, we can study the coupled dynamics of the fields pi and δϕ
⊥
to interpret geometrically its existence. Considering the 4D limit mentioned above, it can be
shown that the trace of the energy-momentum tensor T excites pi via two separate channels. It
does so directly, because of the 4D induced gravity term, and indirectly via the bending of the
codimension-1 brane, because of the 5D induced gravity term. Crucially, the first channel excites
pi in a ghostly and λ¯-independent way, while the second channel excites pi in a healthy and λ¯-
dependent way [25]. The existence of the critical tension is due to the competition between these
two channels, and the fact that the field pi is a ghost or not is decided by the first channel being
more or less efficient than the second channel. Note that the existence of the second channel is
entirely due to the higher dimensional structure of the theory, and in particular to the presence
of the induced gravity term on the codimension-1 brane.
Our result for the critical tension is at odds with the findings of [19, 21], which found the value
λ¯dRKTc = 8m
2
6
M2
4
/3. These two results coincide when m6 ≪ m5 but differ significantly when
m6 & m5 and are dramatically different when m6 ≫ m5. To see why this difference is crucial,
note that the value we found for the critical tension is always smaller than the maximum tension
λ¯M , so for every value of m5 and m6 we can find a range of values for the background tension
such that pi is a healthy field. However, λ¯dRKTc is smaller than λ¯M only when m6 . m5, so the
results of [19, 21] imply that half of the phase space of the theory is plagued by ghosts, and so
is phenomenologically ruled out. It is therefore very important to establish why two different
results are obtained, and which of the two is correct.
4.1. Numerical check
A priori we may wonder if, referring to the discussion in section 3, the hypotheses used in [19, 21]
about the internal structure of the branes are different from the one we use, and therefore in
truth we are considering different models. However this is not the case, since our analysis can
be mapped into that of [21] by a coordinate transformation [25]. In fact it can be shown that
the difference lies in how the junction conditions at the codimension-2 brane are derived, which
is linked to which hypotheses are made on the behaviour of the fields near the codimension-2
brane in the thin limit. Roughly speaking, we assume that the embedding functions remain
continuous in the thin limit (“the codimension-1 brane does not break”), while the result of [21]
is reproduced assuming that the normal component of the bending remains continuous. These
two conditions cannot be both satisfied at the same time, since in the background solutions the
normal vector becomes discontinuous in the thin limit [25]. To decide which of the two results is
correct, we consider a case, the pure tension perturbation case, where the internal structure of
the codimension-2 brane is exactly solvable. In this case it is possible to derive the codimension-
2 junction conditions by performing numerically the integration of the codimension-1 junction
conditions across the codimension-2 brane (pillbox integration). Since the configuration of the
fields is known explicitly also inside the codimension-2 brane, it is not necessary to make any
hypothesis on the behaviour of the fields to do that.
The idea is to perform the numerical pillbox integration for a sequence of configurations with
different thickness, and study the asymptotic behaviour of the outcome when the thickness tends
to zero. If our analysis or the analysis of [19, 21] is correct, then it has to agree with the numerical
outcome in the thin limit. The outcome of the numerical integrations are plotted in figure 1 (the
parameter n is inversely proportional to the thickness). It is evident that the points corresponding
to our codimension-2 junction conditions (squares) converge to the points corresponding to the
numerical integration (circles), while the points corresponding to the codimension-2 junction
conditions which reproduce the result of [21] (diamonds) are significantly distant from the former
ones.
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Figure 1. Plot of the numerical results of the pillbox integration
5. Conclusions
The numerical check above puts on firm footing our analysis of the nested branes realization of the
6D Cascading DGP, and strongly supports our claim that the correct value of the critical tension
is λ¯c ≡ 4M
4
6
arctan
(
2m6/3m5
)
. In particular, it strongly suggests that also models where gravity
displays a direct transition 6D → 4D (m6 > m5) are phenomenologically viable. We conclude
that braneworld models with infinite volume extra dimensions and induced gravity might be a
powerful tool to tackle the late time acceleration and the Cosmological Constant problems. In
particular, the Cascading DGP seems a promising candidate to overcome the problems of the
DGP models whilst preserving its good features. On the other hand, the singular structure of
the geometry is very subtle at the codimension-2 brane, thus indirectly confirming the belief that
the singular structure of branes of codimension higher than one is in general more complex than
that of codimension-1 branes.
Regarding future directions of research, a lot of work is still to be done, including studying
the existence of the ghost at full non-linear level by performing a Hamiltonian analysis. More in
general, it is important to derive the codimension-2 junction conditions at non-perturbative level
and to derive cosmological solutions, as well as verifying if the model passes the high-precision
solar system tests.
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